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ABSTRACT

Let A, B, S be finite subsets of an abelian group G. Suppose that the
restricted sumset

C={a+bacA becB, anda—b¢g S}

is nonempty and some ¢ € C can be written as a + b with a € A and
b € B in at most m ways. We show that if G is torsion-free or elementary
abelian, then |C| > |A| + |B| — |S| — m. We also prove that |C| >
|A| + |B| — 2|S| — m if the torsion subgroup of G is cyclic. In the case
S = {0} this provides an advance on a conjecture of Lev.

1. Introduction

Let A and B be finite nonempty subsets of an (additively written) abelian group
G. The sumset of A and B is defined by

A+B={a+bacAandbe B}.

The Cauchy-Davenport theorem (cf. [N, pp. 43-48]), a basic result in additive
combinatorial number theory, states that

A+ B| > min{p,|A| + |B| - 1}
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if G = Z/pZ with p prime. Another theorem due to Kemperman and Scherk
(cf. [Sc], [Ke] and [L2]) asserts that

(1.1) |A+ B| > |Al +|B] - c&IEBVA’B(C)’
where
(1.2) va,glc) =|{(a,b) € Ax B:a+b=rc}|;

in particular, we have |A+ B| > |A|+|B| —1 if some ¢ € A+ B can be uniquely
written as a + b with a € A and b € B.
Now we define the restricted sumset

(1.3) A+B={a+bacA, bec B, and a # b}.

In 1964, Erdés and Heilbronn [EH] conjectured that if G = Z/pZ with p prime,
then
A+ A| > min{p, 2|4| — 3}.

This is much more difficult than the Cauchy-Davenport theorem concerning
unrestricted sumsets. It had been open for thirty years until Dias da Silva
and Hamidoune [DH]| confirmed it in 1994 using representations of symmetric
groups. Later Alon, Nathanson and Ruzsa [ANR1, ANR2] developed a powerful
polynomial method to give a simpler proof of the Erdés—Heilbronn conjecture
(see also [A2]). They showed that if G = Z/pZ with p prime then

|A+ B| > min{p, |A| +|B| - 2 -6},

where 6 is 1 or 0 according to whether |A] = |B| or not. The reader may
consult [HS], [K1], [K2], [L1], [LS] and [SY] for various extensions of the Erdés—
Heilbronn conjecture.

Motivated by the Kemperman-Scherk theorem and the Erdés—Heilbronn
conjecture, Lev [L2] proposed the following interesting conjecture.

CONJECTURE 1.1 (Lev): Let G be an abelian group, and let A and B be finite
nonempty subsets of G. Then we have

: FB| > B|-2- mi :
(14) |A+ B| > |A| + B Join_va5(c)

This conjecture is known to be true for torsion-free abelian groups and ele-
mentary abelian 2-groups. It also holds when |G| is prime, or G is cyclic and
|G| < 25. (Cf. [L2].)

Now we state our main results.
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THEOREM 1.1: Let A and B be finite nonempty subsets of a field F. Let
P(z,y) € Flz,y] and

(1.5) C={a+bacA be B, and P(a,b) # 0}.
If C is nonempty, then
(1.6) IC] > |4] + |B| — deg P — minvy4,p(c).

Remark 1.1: When P(z,y) = 1, (1.6) becomes (1.1).

Notice the difference between the minima in (1.4) and (1.6): as C C A+ B

we have mingc a4+ pva,B(c) < mingec va,B(c).
THEOREM 1.2: Let A and B be finite nonempty subsets of an abelian group G
whose torsion subgroup

Tor(G) = {g € G: ¢ has a finite order}

is cyclic. Fori=1,...,l let m; and n; be nonnegative integers and let d; € G.
Suppose that

(1.7) C={a+b:acA beB, andmia—nb#d; foralli=1,...,1}

is nonempty. Then

l
(18) IC1 > |4 +1B] = Y (mi + n) ~ minva,5(c).

i=1

Remark 1.2: When A and B are finite subsets of Z, the restricted sumset in
(1.7) was first studied by Sun [Sul].

From Theorems 1.1 and 1.2 we deduce the following result on difference-
restricted sumsets.

THEOREM 1.3: Let G be an abelian group, and let A, B, S be finite nonempty
subsets of G with

(1.9) C={a+bacAbeB,anda—b¢g S} #0.
(i) If G is torsion-free or elementary abelian, then

(1.10) IC| 2 |A| +|B| - |S| — mlnuA B(c).
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(ii) If Tor(G) is cyclic, then
(1.11) IC| > |A| + |B| - 2|S| - mm va,g(c).

Proof: Without loss of generality we can assume that G is generated by the
finite set AUBUS.

If G @2 Z"™, then we can simply view G as the ring of algebraic integers in an
algebraic number field K with [K : Q] = n. If G & (Z/pZ)™ where p is a prime,
then G is isomorphic to the additive group of the finite field with p™ elements.
Thus part (i) follows from Theorem 1.1 in the case P(z,y) = [[,cs(z — v — 5).

Let di,...,d; be all the distinct elements of S. Applying Theorem 1.2 with
m; =n; =1foralli=1,...,] we immediately get the second part. n

Remark 1.3: 1t is interesting to compare Theorem 1.3 in the case S = {0} with
Conjecture 1.1.

Concerning the set C given by (1.9), there are some known results of
different types. When A,B,S are finite nonempty subsets of a field
whose characteristic is an odd prime p, the authors [PS] proved that |C| >
min{p, |A| + |B|] — |S| — ¢ — 1}, where ¢ is the largest power of p not
exceeding |S|. By modifying Kérolyi’s proof of [K1, Theorem 3], we can
show that if ¢ > 1 is a power of a prime p, and A, B,S are subsets of
Z/qZ with min{|A|,|B|} > |S|, then |C| > min{p, |A| + |B| — 2|S| — 1}.

We will give a key lemma in the next section and prove Theorems 1.1 and 1.2
in Section 3. Our proofs use a version of the polynomial method.

2. Some preparations

Our basic tool is as follows.

COMBINATORIAL NULLSTELLENSATZ ([Al, Theorem 1.1]): Let Ai,...,An
be finite nonempty subsets of a field F, and set g;(z) = [[,c4,(z — a) for
i=1,...,n. Then f(x1,...,2n) € F[z1,...,2y,) vanishes over the Cartesian

product A; X --- x Ay, if and only if it can be written in the form

flzy,. ., zn) = Zg,-(xé)hi(xl,,..,xn)

where hi(z1,...,%p) € Fz1,...,25] and degh; < deg f — degg;.

With help of the Combinatorial Nullstellensatz, we provide a lemma for our
purposes.
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LEMMA 2.1: Let A and B be finite nonempty subsets of a field F, and write
(2.1) vi = |{(a,b) € AX B:a+ \b = p;}]

fori=1,...,k where \; € F\ {0} and y; € F. Let P(z,y) € F[z,y]. Suppose
that for any i = 1,...,k there are a € A and b € B with P{a,b) # 0 and
a+X\b = p;, and that for each (a,b) € A x B with P{a,b) # 0 there is a unique
i€ {l,...,k} with a+ A\;b = p;. Then we have

(2.2) k+ min{v,...,vx} 2 |A] + |B| — deg P.
Proof: Clearly

e

f(z,y) H(w+)‘13/ 13)

vanishes over A x B. Set ga(z) = HaeA(a: —a) and gg(y) = [[,cs(y —b). B
the Combinatorial Nullstellensatz, there are ha(z,y),hp(z,y) € Flz,y] such
that

f(@,y) = ga(x)ha(z,y) + g6(y)ha(z,y)

and
max{deg g4 + deghy,deggp +deghp} < deg f.

Fix 1 < < k. Write hp(z,y) = Zs’@(} cstx®yt where cg; € F. Then
he(z,y) = Z cst(( + My = i) + i — Xy)°y* = (4 Xy — pa)a(z, y) +r(y),
8,20

where g(z,y) € Flz,y], and r(y) = hp(u; — Aiy,y) has degree not greater than
deg hB .
Now assume that k+v; < |A|+|B|—deg P. We want to deduce a contradiction.
Set
Ag ={a€ A: (u; —a)/\; € B}.

Obviously |Ag| = |A| — v; and gp((ui — a)/A;) # 0 for any a € Ag. If a € Ay,
then
pi—a pi—a . —a . —a
gB( )\1; )hB (a7 s ) = f(a) NlA ) “gA(a')hA(a’ /J%A ) =0
1 {2 {2

and hence hi—a G —a
r( in ) th(“’Z_A[“) =0.

Since degr < deg f — deggn < |A| — v; = |Ao|, we must have r(y) = 0, i.e.,
hp(z,y) is divisible by « + A;y — p;. Recall that there are ay € A and by € B
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such that P{ao,bo) # 0 and ag+ N\;bp = pi. Since hg(ag, bp) = 0, the polynomial
P(ao,y) [Tj—1 (ao+Ajy—n;) = f(ao,y) = g5(y)hB(ao,y) is divisible by (y—bo)?.
As ag+Ajby # p; for any j # 4, we must have y—bg | P(ao,y), which contradicts
the fact that P(ap,bg) # 0. |

3. Proofs of Theorems 1.1-1.2

Proof of Theorem 1.1: Let pi,...,pr be all the distinct elements of C.
Applying Lemma 2.1 with A\; =--- = A\ = 1, we find that

|C| + minvy g(c) > |A| + |B| — deg P
ceC
which is equivalent to (1.6). ]

Proof of Theorem 1.2: Without loss of generality, we can assume that G is
finitely generated, and furthermore that G is a subgroup of the multiplicative
group of the field of complex numbers (see the proof of Theorem 1.1 of [Su2]);
thus, C is the set

{ab:a € A,be€ B, and a™b™™ #£d; foralli=1,...,1}.

Let —A1,..., —Ax be all the distinct elements of C, and set
1

P(z,y) = | [(™y™ — o).

i=1

Then, for each j € {1,...,k}, there are a € A and b € B such that a+)\jb‘1 =0
and P(a,b™!) #0. Ifa € A, b € B and P(a,b™!) # 0, then there is a unique
j € {1,...,k} such that \; = —ab (i.e., a+ A;b~! = 0). Applying Lemma 2.1
to the sets A and B~! = {b~1: b € B} with 3 = - -+ = g = 0, we obtain that

k+ 1I<n'i2k l{(a,b) € Ax B:a+ M\b~! =0} > |A| +|B7!| — deg P.
\]\
Therefore

!
i tab= > — ; ;
|C|+£Iélg|{(a,b) € Ax B:ab=c}| > |A| + |B| lz::l(mﬁ—nz)

as desired. [ |
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